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When interacting spins in condensed matter order ferromagnetically, their ground state wave
function is topologically trivial. Nonetheless, in two dimensions, the ferromagnetic state can support
spin excitations with nontrivial topology, an exotic state known as topological magnon insulator
(TMI). Here, we theoretically unveil and numerically confirm a novel ferromagnetic state in three
dimensions dubbed second-order TMI, whose hallmarks are excitations at its hinges, where facets
intersect. Since ferromagnetism naturally comes with broken time-reversal symmetry, the hinge
magnons are chiral, rendering backscattering impossible. Hence, they trace out a three-dimensional
path about the sample unimpeded by defects and are topologically protected by the spectral gap.
They are remarkably robust against disorder and simultaneously highly tunable by atomic-level
engineering of the sample termination. Our findings empower magnonics with the tools of higher-
order topology, a promising route to combine low-energy information transfer free of Joule heating
with three-dimensional vertical integration.
The quantum Hall effect and the Chern-insulating
state of electrons are two of the great discoveries in the
second half of the 20th century that have shaped today’s
solid state research by amalgating Bloch’s band theory
with quantum state geometry and topology1–3. One of
the many novel exotic phases of matter brought to light
by this fruitful synthesis is that of the topological magnon
insulator (TMI), a two-dimensional phase that exhibits
a spectrum of topologically nontrivial bosonic excita-
tions, called magnons, above a topologically trivial mag-
netically ordered ground state4–9. A topologically non-
trivial gap in the magnon spectrum protects magnonic
edge states. Due to time-reversal violation in ferromag-
nets, the propagation of the edge modes is chiral akin to
electronic Chern insulators, giving rise to magnon Hall
effects10–17. Hence, TMIs support unidirectional magnon
currents that—once coherently excited—transfer infor-
mation along the sample’s boundary4,5. In sharp contrast
to electrons, the charge neutral magnonic currents do not
cause Ohmic heating18, promising low-energy informa-
tion transfer and giving rise to the paradigm of “topo-
logical magnonics”19–22. However, since the magnonic
Chern insulator is a two-dimensional phase of matter, it
is not suitable to keep up with CMOS electronics design
trends such as three-dimensional vertical integration23.
Herein, we contribute to the foundations of topologi-
cal magnonics by reporting our theoretical discovery of a
novel exotic phase of matter in three dimensions dubbed
second-order TMI (SOTMI). In general, the hallmark of
a higher-order (or nth-order) topological phase in d di-
mensions are gapless states at its nth-order boundaries
(n ≥ 2)24,25. So far, second-order (n = 2) topolog-
ical magnons have been identified as corner states in
two-dimensional magnets26–28. In contrast, we present
a SOTMI in three dimensions, whose hinges, the inter-
sections of facets, support gapless chiral magnons, as
depicted in Fig. 1. These hinge magnons trace out a
three-dimensional path, allowing for magnonic informa-
tion transfer in all spatial directions. We explicitly sim-
ulate hinge magnons in the presence of disorder and per-
turbations that break crystalline symmetries, unveiling
FIG. 1. Snapshot of a chiral hinge magnon in a SOTMI visu-
alized by atomistic spin dynamics simulations. At each lattice
site of a stack of honeycomb layers, a classical spin vector is
represented by a little cone, whose size encodes its deviation
from the ferromagnetic ground state. Large cones indicate
strongly excited spins. Since the magnon spectrum exhibits
a gap, within which topologically protected states only exist
at the hinges of the sample, a coherent local excitation at one
of the hinges (here: in the middle of the rearward left hinge)
launches a unidirectionally propagating spin wave. The snap-
shot is taken before the spin wave completed the loop along
the hinges. The topological protection due to the absence of
backscattering renders the chiral hinge magnon remarkably
robust against defects and disorder.
their remarkable topological robustness owed to their chi-
rality. Nonetheless, their path in real space turns out to
be highly tunable by a manipulation of the surface termi-
nation at the atomic level. Thus, our findings empower
magnonics with the tools of higher-order topology.
We consider a stack of honeycomb magnets with spins
situated at the honeycomb’s vertices, as indicated by
spheres in Fig. 2(a). The interactions between these spins
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2are comprised in the Hamiltonian
H = H‖ +H⊥ +Hδ⊥ +HZ. (1)
Here, intralayer interactions H‖ =
∑
l h
(l)
‖ (l is the layer
index), with
h
(l)
‖ = −
J
2
∑
〈ij〉
S
(l)
i · S(l)j +
(−1)lD
2
∑
〈〈ij〉〉
νij zˆ · S(l)i × S(l)j ,
(2)
include positive nearest neighbor exchange interaction J
that stabilizes ferromagnetic order. Upon a magnon ex-
pansion (see Methods) a single layer is found to feature
two magnon branches, resembling the graphene band
structure with Dirac cones. The latter acquire a topo-
logical mass gap29 ±6√3D/J (later referred to as “bulk
gap”) by next-nearest neighbor Dzyaloshinskii-Moriya
interaction30,31 (DMI) D [green arrows in Fig. 2(a)]; zˆ
is a unit vector along the z direction and νij = ±1, with
+ (−) for counterclockwise (clockwise) circulation. The
topological nontriviality is captured by a nonzero wind-
ing number w(l) = (−1)lsgn(mD) (see Methods). Here,
m = +1 (m = −1) for the ferromagnetic ground state
pointing along the positive (negative) z direction. Hence,
a single layer exhibits chiral edge states, as indicated by
yellow spheres in Fig. 2(b). From hereinafter, we consider
m = +1.
The AA-stacked honeycomb layers are coupled by
H⊥ = −J⊥
∑
i
∑
l
S
(l)
i · S(l+1)i , (3)
with ferromagnetic interlayer exchange J⊥ due to which
magnons obtain a dispersion along the stacking direc-
tion. We assume that J⊥ is sufficiently small such that
the bulk gap due to D stays open, which is a reason-
able assumption for layered structures32. Using the Bril-
louin zone convention in Fig. 3(a), a representative bulk
magnon spectrum is shown in Fig. 3(b); notice the band
gap between the lower and upper pair of bands.
Letting the sign of DMI alternate between adjacent
layers ensures alternating winding numbers and chiral
edge states, which gap out pairwise. However, since each
layer is a mirror plane for the infinite stack, a magnonic
surface Dirac cone is stabilized, rendering the surface
spectrum gapless. Hence, so far, the stack is a (first-
order) topological mirror insulator33,34 of magnons [see
Supplementary Information (SI)35]. To break this mir-
ror symmetry, we effectively buckle each layer. This is
accounted for by an alternating modulation of the inter-
layer exchange interaction (δJ⊥),
Hδ⊥ = δJ⊥
∑
l
(−1)l
(∑
i∈A
S
(l)
i · S(l+1)i −
∑
i∈B
S
(l)
i · S(l+1)i
)
,
(4)
which is opposite for the A and B sublattice of the honey-
comb [cf. alternating interlayer bonds between blue and
J
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δJ
⊥
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FIG. 2. Microscopic model of a SOTMI with chiral hinge
states in three dimensions. (a) A stack of honeycomb layers
with indicated magnetic interactions. Blue and red spheres
indicate the A and B sublattice of the honeycomb, respec-
tively. (b) A single honeycomb layer realizes a magnon Chern
insulator, whose hallmark is a gap in the magnon spectrum
bridged only by a chiral edge state (yellow spheres). (c-f)
View along a zigzag-terminated surface of stacks built from a
finite number of layers. Even-numbered stacks exhibit either
(c) hinge modes at both terminating layers or (d) no hinge
modes at all. In contrast, odd-layered stacks exhibit hinge
states at one of the terminating layers, either at the top (e)
or the bottom (f) of the stack.
red sites in Fig. 2(a)]. Finally, a magnetic field Bz < 0
(m = +1) is applied that enters the Zeeman Hamiltonian
HZ =
∑
l
∑
i
BzS
(l),z
i . (5)
Using reduced constants b = Bz/(JS), j⊥ = J⊥/J , d =
D/J , and δj⊥ = δJ⊥/J , the ferromagnetic ground state
is stable for |δj⊥| ≤ 12
√
(−b+ 2j⊥)(−b+ 2j⊥ + 6); note
that b ≤ 0. Below, we consider parameters d = j⊥ =
δj⊥ = 0.2, for which the ferromagnetic state is stable
even at b = 0; see SI35 for other cases.
The mirror-symmetry breaking δj⊥ acts like a mass
that gaps out surface states, as depicted in Fig. 3(c).
This can be understood in the following intuitive way. It
is well-established that the wave function of edge states
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FIG. 3. Brillouin zones (BZs) and magnon band structures
in 3D, 2D, and 1D. (a) For a successive reduction of dimen-
sions, the hexagonal 3D BZ (green) first gets projected onto a
surface to yield the 2D BZ (red), which then is projected onto
a line, resulting in a 1D BZ (blue). Selected high-symmetry
points are indicated. (b) Gapped 3D spectrum showing four
magnon branches. (c) Gapped 2D spectrum, with gray ar-
eas indicating the bulk continuum projected onto the xz sur-
face and black lines indicating surface states. (d) Gapless 1D
spectrum with chiral hinge magnons crossing the band gap
(orange lines). Gray areas indicate both the bulk and surface
continuum projected onto the z axis. (e) Probability density
|Ψ(x, y)|2 of the chiral hinge-magnon states in real space for
a pillar with a parallelogram cross section [cf. Fig. 2(b)] at Γ .
Open boundary conditions are assumed in both x and y di-
rection but periodic boundary conditions in z direction. The
two chiral modes are localized at opposite obtuse corners of
the pillar. Parameters read d = j⊥ = δj⊥ = 0.2 and b = 0.
in graphene has weight predominantly on the sublattice
whose atoms dominate in a particular termination36. For
example, the edge states of zigzag-terminated graphene
live on that sublattice whose atoms constitute the very
edge. Now, consider a stack of an even number of layers
with a zigzag-terminated surface, as shown in Fig. 2(c).
The surface state has weight mainly on the blue sub-
lattice. Along the stacking direction, spins located at
the blue sites of the chains resemble a spin version of
the Su-Schrieffer-Heeger (SSH) model37. The sign of δj⊥
determines whether the chain is topologically trivial or
nontrivial, i.e., if its ends feature bound states [Fig. 2(c),
δj⊥ > 0] or not [Fig. 2(d), δj⊥ < 0]. For an odd num-
ber of honeycomb layers, there is always one undimerized
dangling spin hosting the bound state, either at the top
[Fig. 2(e), δj⊥ > 0] or bottom layer [Fig. 2(f), δj⊥ < 0].
Due to the intralayer coupling of SSH-like chains, the
states bound to the chains’ ends can propagate along
the hinge to which they are confined. The DMI-induced
chirality of each layer admits propagation only in one di-
rection, promoting the end states to chiral hinge modes.
A different surface of a finite stack may be terminated
by the red sublattice that exhibits the opposite dimeriza-
tion pattern. Hence, whatever sign of δj⊥ causes bound
states at a particular end of the blue chains, leads to
the red chains not hosting bound states at this very end
(and vice versa). If domains of opposite surface termina-
tions (of “opposite color”) meet, there is a domain wall
between a topologically trivial and nontrivial phase, ne-
cessitating a gapless mode along the domain wall, i.e.,
along the stacking direction. Such domain walls natu-
rally occur at the hinges of materials where facets inter-
sect, suggesting the name “chiral hinge magnons”. In
the spectrum of an infinite pillar (i.e., an infinite stack of
honeycomb layers of finite size), hinge magnons appear
as bands that connect adjacent bulk and surface bands,
as shown in Fig. 3(d). The hinge-magnon wave function
is strongly localized to the hinges [cf. Fig. 3(e)].
We present selected examples in Fig. 4. For a stack
with a parallelogram cross-section and all-zigzag termi-
nation, as shown in Fig. 4(a), the termination changes
from blue to red at the obtuse corners. The associated
hinges feature a domain wall and, hence, also a chiral
hinge magnon, a prediction that is confirmed numerically
by exact diagonalization of a finite sample by means of
linear spin-wave theory [see Fig. 4(b,c)]. While the posi-
tion of the hinge magnons is tied to the domain walls, it
is the number of layers that determines the actual path
taken. This is because a stack of an odd number of lay-
ers has a nonzero net winding number, originating from
one layer being uncompensated38. Hence, there must be
one chiral mode circulating the stack about the stacking
direction [cf. Fig. 4(b)]. In contrast, an even number of
layers has a net winding number of zero, ruling out any
net chirality about the stacking direction [cf. Fig. 4(c)].
Nonetheless, the hinge magnons are still chiral as their
propagation is unidirectional.
Upon removing a couple of vertical blue chains from
a surface, a red domain arises within the formerly blue-
terminated surfaces [Fig. 4(d)]. Two new mass domain
walls are created, forcing the hinge magnon to take a
detour in stacks with an odd number of layers [Fig. 4(e)].
For an even number of layers, two independent chiral
4FIG. 4. Chiral hinge magnons in finite-sized stacks of honeycomb-lattice ferromagnets for selected terminations. (Left
column) Sketch of stacks’ cross sections with blue and red circles indicating the termination spanning the full height of the
stack. (Central/right column) Probability density of hinge magnons in a finite stack built from an odd (13)/even (12) number
of layers. Each layer consists of 25× 25 honeycomb unit cells. Black transparent/orange opaque color indicates zero/maximal
probability density of the hinge magnon. The view angle is chosen such that the frontmost hinge coincides with the lower
right corner of the cross sections. (a,b,c) All-zigzag terminated cross section with domain walls at the obtuse corners of the
parallelogram. (d,e,f) Cross section with several blue vertical chains removed, giving rise to a new termination domain and,
hence, two new domain walls. (g,h,i) Upon removing all terminating sites at two opposite boundaries, the domain walls get
shifted to the acute corners. (j,k,l) Removing only the blue sites [compared to (a)] causes a uniform termination without
domain walls. (m,n,o) Removing the terminating sites from the surfaces enclosing the frontmost obtuse corner [compared to
(a)] causes domain walls at all hinges. Parameters read d = j⊥ = δj⊥ = 0.2 and b = 0.
hinge magnons, amounting to two separate loops, are
found [Fig. 4(f)].
Removing all terminating spins from two opposite sur-
faces, as depicted in Fig. 4(g), results in the domain walls
being shifted to the acute corners. The hinge magnons
redistribute accordingly [see Figs. 4(h,i)]. Hence, termi-
nation manipulations at the atomic level allow to engi-
neer samples with hinge modes at arbitrary hinges. In
particular, one may remove any domain walls [Fig. 4(j)],
resulting in the chiral modes not crossing the stack at
all [Figs. 4(k,l)]. Similarly, domain walls at all hinges
[Fig. 4(m)] cause chiral hinge magnons at all hinges
[Figs. 4(n,o)]. We reiterate that the path of the hinge
magnons depends also on the sign of δj⊥, as we explic-
itly show in the SI35.
For the very special case that the Hamiltonian re-
spects inversion symmetry, the existence of chiral hinge
magnons is captured by the recently developed machin-
ery of higher-order topology24,25, which associates a bulk
topological number with the hinge modes. We show in
the Methods how to apply these tools to the present
magnonic case but point out that inversion symmetry is
5not a prerequisite for chiral hinge magnons. As a matter
of fact, we show in the SI that the chiral hinge magnons
are remarkably robust against various types of inversion-
symmetry-breaking bulk spin interactions35.
The above analysis relied on the magnon wave func-
tion as obtained within linear spin-wave theory. Next,
we present independent numerical evidence for chiral
hinge magnons by simulating a coherent excitation ex-
periment by means of atomistic spin dynamics simula-
tions (see Methods). We consider a stack similar to that
in Figs. 4(a,b,c). An ac magnetic field with a frequency
εex = 3.4JS within the global band gap [where the hinge
magnons cross the Γ point in Fig. 3(d)] applied to a single
spin at the obtuse hinges excites the hinge magnon. Its
chiral information transfer along the three-dimensional
path can be clearly traced [Fig. 5(a,b)]. In contrast, a lo-
cal excitation at the acute hinges does not result in chiral
information transfer, but rather in an evanescent wave
[Fig. 5(c)]. This finding complies with the absence of
probability density of the chiral in-gap states at the acute
corners [cf. Figs. 3(e) and 4(b,c)]. The simulations also
reveal the hinge magnon’s robustness against backscat-
tering at defects [Fig. 5(d)]. For the hinge magnon to
scatter into states with opposite momentum, it would
have to scatter to the opposite hinge, a process that is
exponentially suppressed by spatial separation. Hence,
chiral magnon information transfer is immune to defects.
The hinge magnons’ localization to domain walls may
be quantified by a localization length ξ, which is inversely
proportional to the surface gap ∆ ∝ δj⊥ from broken
mirror symmetry, thus, ξ ∝ 1/δj⊥. For large enough do-
mains, of size `  ξ, neighboring counter-propagating
hinge magnons are well-separated and do not hybridize.
However, if the boundary consists of domains ` ≈ ξ, hinge
states of opposite chirality overlap and gap out. For ex-
ample, consider the situation in Fig. 4(d) as a gradual
process parametrized by λ ∈ [0, 1]. Starting with no ver-
tical chains removed (λ = 0), one chain at a time is re-
moved, until the termination of the manipulated surface
has fully changed from zigzag (blue) to bearded (red)
(λ = 1). Figure 6(a) shows the magnon spectrum of
an infinite stack at the Γ point [where the hinge modes
cross, cf. Fig. 3(d)] in dependence on λ. Two degenerate
states are found at 3.4/(JS) (green line) corresponding
to well separated hinge modes [green arrows in Fig. 6(b)].
The surface gap hosts two states that split off for λ close
to 0 or 1 [magenta lines in Fig. 6(a)]. In these lim-
its, two domain walls come close together, causing their
hinge magnons to overlap and gap out [magenta arrow
in Fig. 6(b)]. However, around λ = 0.5, the domain sizes
are sufficiently large to suppress finite size effects and to
enforce the chiral magnon to take a detour, as depicted
in Fig. 6(c). Thus, it is ξ (or ∆) what sets the lower
threshold for miniaturization of devices to support chiral
hinge magnons.
The size of the gap ∆ also protects the chiral hinge
magnons against disorder, whose strength we denote by
σb (see Methods). For example, Fig. 6(d) shows the prob-
defect
(a)
(b)
(c)
(d)
time
FIG. 5. Numerical simulation of a finite-sized SOTMI built
from (a,c,d) 31 or (b) 30 layers. There are 40 × 40 honey-
comb unit cells per layer. Snapshots show the time evolu-
tion upon a local coherent excitation (indicated by the wavy
arrow) with an energy within the global band gap of the
magnon spectrum [cf. Fig. 3(d)]. Black transparent/orange
opaque color indicates zero/maximal probability density. (a)
Upon exciting a single spin at a domain wall a topologically
protected chiral magnon propagates around the sample along
the hinges. (b) For an even number of layers, a similar excita-
tion causes the hinge magnon to take a different path around
the sample. (c) Excitations at hinges without a domain wall
merely cause evanescent waves. (d) Due to the impossibility
of backscattering the chiral excitation bypasses defects at the
hinges. For movies, see (a) 1-obtuse.mp4, (b) 2-even.mp4,
(c) 3-acute.mp4, and (d) 4-defect.mp4 in the SI35. The sim-
ulations are based on the Landau-Lifshitz equation without
damping. Parameters read d = j⊥ = δj⊥ = 0.2 and b = 0.
ability density of a hinge magnon in the absence of dis-
order. The hinge magnon takes a detour around a small
domain wall of length `′ > ξ. As disorder is increas-
ing, the effective, disorder-averaged gap ∆(σb) is decreas-
ing, leading to an increasing ξ(σb) [see Fig. 6(e)]. Once
ξ(σb) & `′ the associated hinge magnons gap out [see
Fig. 6(f)]. Consequently, larger domain walls are more
robust against disorder than smaller domains. Eventu-
ally, very strong disorder closes the gap and causes local-
ization. The effects of disorder are also captured by spin
dynamics simulations, presented in the SI35 (for movies,
see 5-disorder-R.mp4).
With the influence of disorder and defects suppressed
by the topological gap, only a finite magnon lifetime
τ = ~/(2αε) due to ubiquitous intrinsic Gilbert damping
6FIG. 6. Finite-size and disorder effects on chiral hinge magnons in SOTMIs. (a) Gapless 1D spectrum of an infinite stack
at the Γ point in dependence on λ which parametrizes the process of removing terminating vertical chains from one surface,
a process similar to Fig. 4(d). λ = 0: no chains removed [blue termination in Fig. 4(d)]. λ = 1: all chains removed (red
termination). Spatially well-separated hinge magnons appear as a green horizontal line. Two new hinge states associated with
the new domain wall are colored in magenta. The gray continuum indicates projected surface states. (b,c) Probability density
of the hinge magnon in a finite stack of an odd number (13) of layers for (b) λ ≈ 0.12 and (c) λ ≈ 0.32. (d-f) Probability
density of the hinge magnon for λ ≈ 0.24 and increasing disorder; (d) σb/∆ = 0; (e) σb/∆ = 1.11; (f) σb/∆ = 1.48. The hinge
modes due to short domains (`′) gap out for sufficiently large disorder. Parameters read d = j⊥ = δj⊥ = 0.2 and b = 0 and the
pillar’s cross section is built from 25× 25 honeycomb unit cells per layer.
α remains, originating from phononic or, in metals, elec-
tronic baths39. For typical values S = 3/2, J ≈ 2.2 meV,
and D/J ≈ 0.1 (resembling those obtained for CrI340),
the hinge-magnon energy is approximated by ε ≈ 3SJ ,
resulting in τ ≈ 330 ps for α = 10−4. With a velocity up
to v = 500 m/s, a mean free path up to vτ ≈ 165 nm is
obtained. As long as the operating temperature is well
below the ordering temperature, the effects of tempera-
ture are negligible (see Methods). Hence, a realization
of the SOTMI state by relying on recent advances in
atomic-scale magnonic crystals41, in magnetic silicene42,
in van der Waals magnets32 such as CrI3
43 or mag-
netic organic materials44, may find application in nano-
scale exchange magnonics. One may also abandon the
atomic scale and implement SOTMIs in magnonic meta-
materials built from three-dimensional coupled arrays of
spin torque oscillators45, magnetic vortex structures46,
magnonic quantum networks47, or superconducting spin
qubits48. In particular, one may stack two-dimensional
topological magnonic crystals realized either as iron is-
lands in an yttrium iron garnet matrix5 or as a patterned
ferrimagnetic insulator49. The alternating sign of the
Chern number is arranged for by varying the aspect ra-
tio of the islands and rotating the patterns, respectively.
Gigahertz hinge magnons with mean free paths up to
several millimeters are expected.
We proposed a novel topological phase of matter
dubbed SOTMI to be realized either in magnetic met-
als or insulators. Its hallmarks are chiral magnon states
along its hinges, a finding that opens up possibilities to
design innately 3D “information highways,” circumvent-
ing the problem of nontopological magnon propagation
in bent magnonic waveguides50. Thus, besides being an
exciting and exotic second-order topological phase that
could allow to experimentally test the foundations of
higher-order topology, SOTMIs add to the arsenal of 3D
magnonics51 to compete with today’s CMOS technology
design trends such as vertical integration.
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METHODS
Appendix A: Linear spin-wave theory
The excitations above a magnetically ordered ground
state can be addressed within spin-wave theory, whose
main idea is to map the spin operators Si onto bosonic
creation and annihilation operators a†i and ai. In the
limit of low temperatures, within which the density of
excitations is sufficiently small that interactions between
7them may be neglected, a truncated Holstein-Primakoff
transformation52
Sxi ≈
√
S
2
(
ai + a
†
i
)
, (A1a)
Syi ≈ −i
√
S
2
(
ai − a†i
)
, (A1b)
Szi = S − a†iai, (A1c)
is appropriate; i2 = −1. For the model under considera-
tion, there are four spins in the basis because the dimer-
ization pattern due to δJ⊥ doubles the honeycomb unit
cell in the stacking direction. The bosonic operators may
be labelled an,Ri , where Ri is the coordinate vector of
the ith magnetic basis and n = 1, . . . , 4 enumerates the
nth basis spin. After a Fourier transformation
an,Ri =
1√
N
N∑
i=1
eik·Rian,k, (A2)
to momentum k, where N is the number of unit cells, the
Hamiltonian reads H−E0 ≈ H2 =
∑
k Ψ
†
k ·Hk ·Ψk. Here,
E0 is the unimportant classical ground state energy and
ΨTk = (a1,k, a2,k, a3,k, a4,k) a vector built from Holstein-
Primakoff bosons associated with the four sublattices.
The Fourier kernel of the bilinear Hamiltonian H2 reads
Hk = SJ
(
H
‖,+
k H
⊥
k
(H⊥k )
∗ H‖,−k
)
, (A3)
with its intralayer, H
‖,±
k and interlayer submatrices, H
⊥
k ,
given in the SI35. Upon diagonalization of Hk, one ob-
tains the magnon energies εn,k.
Appendix B: Winding number of a single
honeycomb layer
After a Holstein-Primakoff expansion about the ferro-
magnetic state polarized along the z direction, the bi-
linear magnon Hamiltonian of a single honeycomb layer
reads H2 =
∑
kΦ
†
k · H˜k · Φk, where ΦTk = (a1,k, a2,k)
is built from the Fourier transformed Holstein-Primakoff
bosons associated with the two sublattices of the honey-
comb. Relying on the well-established analysis of two-
level systems53, the Hamilton kernel
H˜k = d
0
kσ0 + dk · σ (B1)
is expanded in terms of Pauli matrices σi (i = 0, 1, 2, 3),
where σ0 is the 2× 2 unit matrix and σT = (σ1, σ2, σ3).
Its eigenvalues read
εk,± = d0k ± |dk|. (B2)
As far as topology is concerned, d0k = 3JS + B is an
irrelevant offset and the crucial information is encoded
in the vector dk that determines the winding number
w =
1
4pi
∫
BZ
dk
|dk|3 ·
(
∂dk
∂kx
× ∂dk
∂ky
)
dkxdky. (B3)
The integration is over the entire Brillouin zone (BZ).
The winding number measures how often dk wraps
around the unit sphere. Using the explicit expression
dk =
3∑
i=1
−JS cos(k · δi)JS sin(k · δi)
2DS sin(k · τ i)
 , (B4)
where the vectors to nearest and second-nearest neigh-
bors are given by
δ1 = (
√
3/2, 1/2), (B5)
δ2 = (−
√
3/2, 1/2), (B6)
δ3 = (0,−1), (B7)
and
τ 1 = (
√
3, 0), (B8)
τ 2 = (−
√
3/2, 3/2), (B9)
τ 3 = (−
√
3/2,−3/2), (B10)
respectively, the integral (B3) may be evaluated numeri-
cally. Alternatively, one may reexpress the winding num-
ber in terms of the sign of the mass term d3k at the K
and K ′ points of the Brillouin zone as53,54
w =
1
2
[
sgn(d3K′)− sgn(d3K)
]
. (B11)
Using K = (−4pi/(3√3), 0) and K ′ = −K, one obtains
d3K = −d3K′ = 3
√
3DS (B12)
and arrives at
w = −sgn(D). (B13)
In the stack of honeycomb layers considered in the main
text, the sign of DMI alternates between adjacent layers.
Hence, the winding number of the lth layer reads w(l) =
(−1)lsgn(D).
For a ferromagnetic state pointing along the nega-
tive z direction, one finds w = sgn(D) because a re-
versal of the magnetization acts like a reversal of time
that flips the chirality of the edge modes. Denoting
the ferromagnetic order by m = ±1, with m = +1
(m = −1) referring to polarization along the positive
(negative) z direction, the winding number of each layer
reads w(l) = (−1)lsgn(mD).
Appendix C: Second-order topology for inversion
symmetric samples
A special situation is found for samples that hold spa-
tial symmetries, here, inversion symmetry, as present
8in Figs. 4(a,g). A domain wall necessarily is accom-
panied by another domain wall supporting a counter-
propagating mode at the symmetry-related position.
The two positions are separated by half of the sam-
ple’s circumference, the largest possible spatial distance,
maximally suppressing the hybridization of counter-
propagating chiral hinge modes. (We assumed a convex
sample cross-section.) In this spatially symmetric case, a
pair of chiral hinge magnons is dictated by a bulk-hinge
correspondence38, a concept recently developed in the
field of higher-order topological phases24,25,55–62.
Mathematically, this is shown as follows (details are
laid out in the SI35). If the sample holds inversion sym-
metry, the Hamiltonian’s Fourier kernel Hk commutes
with the parity operator U at time-reversal invariant
momenta (TRIM) Γ abc = (ag1 + bg2 + cg3)/2, with
a, b, c ∈ {0, 1} and the gi’s (i = 1, 2, 3) being primitive
reciprocal lattice vectors. Hence, at k = Γ abc, Hk and U
share eigenvectors, with energy εn,Γ abc and parity eigen-
values pn,Γ abc = ±163. The latter enter the Z4 symmetry
indicator38,64–66
µ1 = −
∑
a=0,1
∑
b=0,1
∑
c=0,1
n−(Γ abc) mod 4, (C1)
where n−(Γ abc) is the number of negative parity eigen-
values among the lowest two bands at TRIM Γ abc. An
even (odd) µ1 indicates a band gap (Weyl points) be-
tween the second and third band; the gap is either trivial
(µ1 = 0) or nontrivial (µ1 = 2)
66–68.
With the derivation laid out in the SI35, we obtain
the following second-order topological phase diagram.
For the physically most relevant scenario of weakly cou-
pled layers j⊥ < 12 , nontrivial second-order topology is
found (µ1 = 2). By virtue of the bulk-hinge correspon-
dence, hinge states are guaranteed if the finite sample
holds inversion symmetry. Stronger interlayer coupling,
1
2 < j⊥ <
3
2 , causes a semimetallic phase with Weyl
magnons69–72 (µ1 = 3), which we study in more detail
in the SI35. Even stronger coupling 32 < j⊥ stabilizes a
topologically trivial insulating phase (µ1 = 0) without
hinge modes.
However, we stress that the existence of chiral hinge
magnons does not require inversion or any other crys-
talline symmetry. In the SI we explicitly show that the
hinge modes are robust against inversion-symmetry vio-
lating perturbations35.
Appendix D: Atomistic spin dynamics simulations
Due to the semiclassical nature of the harmonic
magnon theory, the nontrivial topology of spin waves can
be captured by classical spin dynamics. It is based on the
equation of motion ~S˙i(t) = −Si(t) ×Bi(t), describing
the precession of each spin vector Si in the effective mag-
netic fieldBi due to its neighbors. For simplicity, Gilbert
damping is neglected and temperature is set to zero.
Starting from the fully polarized ferromagnetic ground
state (along the z direction), we apply a dynamic mag-
netic field br = b0 sin(tεex/~)xˆ to a single spin (index
r); xˆ is a unit vector along the x direction. It causes a
coherent excitation of magnons at energy εex, provided
they have finite probability density at site r. A small
amplitude b0  1 is chosen to avoid nonlinear dynamics
(which correspond to magnon-magnon interactions). To
trace the excitation, we measure the discrete amplitude
Ai(t) =
√
[Sxi (t)]
2 + [Syi (t)]
2 of each spin upon numeri-
cal integration of the equation of motion. For plotting,
we convert Ai(t) into a continuous density A(t, r), with
r denoting the position in the finite sample.
We consider a finite-sized sample with 30 or 31 lay-
ers of 40× 40 honeycomb unit cells with “compensated”
boundaries (see SI for explanation35). The cross sec-
tion of the pillar is a parallelogram with all-zigzag ter-
mination, hosting chiral hinge magnons at the two op-
posite obtuse corners [cf. Figs. 3(e) and 4(b,c)]. We set
εex/(JS) = 3.4, which is right in the middle of the global
band gap [cf. Fig. 3(d)].
Appendix E: Implementation of disorder
We add random magnetic fields bzi , drawn from a uni-
form distribution [−β2 , β2 ], to all spins. Within linear
spin-wave theory, the bzi ’s enter the main diagonal of
the Hamilton matrix, resembling chemical-potential dis-
order known from electronic disorder studies. The dis-
order strength is measured by its standard deviation
σb = β/(2
√
3).
Appendix F: Effects of finite temperature
The spin Hamiltonian (1) is U(1) symmetric about
the z direction. Hence, number nonconserving interac-
tions and spontaneous magnon decay are ruled out73,
rendering number conserving four-magnon interactions
the leading-order many-body perturbation. Their contri-
bution to magnon damping is frozen out at zero tempera-
ture, but it renormalizes the magnon energy and damping
at finite temperature74.
At order 1/S, the Hartree-like contribution (a Feyn-
man diagram with a single four-magnon vertex) causes
a purely real renormalization, which uniformly shifts the
magnon energies downwards in energy. For a single hon-
eycomb layer, this effect was already studied and found
to scale with T 2, with the exponent determined by the
dimension of the magnet75. Extending this analysis to
three dimensions, we expect the scaling T 5/2. The uni-
form compression of the magnon spectrum leads to a re-
duction of the group velocities, implying that the chiral
hinge magnons slow down as temperature increases.
Complex self-energies appear first at order 1/S2 and
cause additional magnon damping, which also scales with
9T 2 in two dimensions75 and, hence, with T 5/2 in three di-
mensions. The integrity of the chiral hinge modes is jeop-
ardized when their temperature-induced lifetime broad-
ening becomes as large as the surface band gap they cross.
This condition defines a temperature T ′, below which the
device should be operated. The larger the surface gap,
the larger T ′.
The above considerations apply to the case of zero
magnetic field (and also zero easy-axis anisotropy). Both
finite fields and easy-axis anisotropies shift the magnon
spectrum uniformly towards higher energies, exponen-
tially freezing out thermal effects. Hence, thermal effects
can be systematically suppressed by external control.
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